In this paper we study when a bipartite graph is a covering of a non-bipartite graph. We give a characterization of all coverings in terms of factoring the covering map through the canonical double covering. We also consider regular bipartite coverings described in terms of voltage assignments. We give an algebraic characterization of such coverings involving the subgroup generated by voltages on closed walks of even length. This allows us to count the number of regular bipartite coverings for orders which are twice a prime.
Introduction
Consider the map from the 3-dimensional cube Q 3 to the complete graph K 4 formed by identifying antipodal points in the cube. The vertices and edges of the cube map two-to-one to the vertices and edges of the complete graph. However, at a vertex and its incident edges the mapping is one-to-one.
This quotient map is an example of a covering map. Precise de nitions follow in Section 2, but loosely speaking a covering map is a graph homomorphism which is an isomorphism when restricted to a vertex and its incident edges.
A particularly nice quotient map :G ! G occurs when the bers of are exactly the orbits under the action of a xed-point-free group of automorphisms A ofG. These are called regular covers (named after the regular action of A). These coverings can be described in terms of voltage assignment from the edges of the base graph G to the covering transformation group A.
The primary focus of this paper is to study a bipartite graphG which covers a non-bipartite graph G. We give a characterization of such covers in terms of factoring through the canonical double cover. We give a second algebraic characterization of regular covers in terms of the voltages on some walks. This allows us to enumerate this subclass in the special case that the covering group is of order twice a prime.
We emphasize that the same graphG can cover the base graph G in several di erent ways. An example is given in Figure 1 Section 2. Our formulas count each instance of a covering separately. We are counting the maps , not the graphsG.
The number of coverings of a graph was rst enumerated by Kwak and Lee 9] and by Hofmeister 4] . Kwak and Lee went on to enumerate connected coverings. The number of regular coverings for a nite abelian group and for a dihedral group is known, see 4]-10], 14]. However, our focus is on bipartite graphs.
The paper is organized as follows. In Section 2 we de ne coverings and give an example. In Section 3 we characterize bipartite coverings. In Section 4 we introduce the even subgroup and characterize regular coverings. Section 5 contains some basic formulas needed to count coverings. In Section 6 we use our characterizations and the basic formulas to enumerate several classes of bipartite coverings. Section 7 concludes with directions for future research.
Coverings and Regular Coverings
Our graphs are allowed to have loops and multiple edges, as is common in topological graph theory. Each edge is considered to have two ends, one corresponding to each of its two incidences. These two ends lie in the same edge and are opposite. Two ends are adjacent if they are incident with a common vertex.
A graph homomorphism fromG to G is a function from the edge-ends ofG to the edge-ends of G so that 1) opposite edge-ends map to opposite edge-ends, and 2) adjacent edge-ends map to adjacent edge-ends. The second condition shows that induces a well-de ned map between the vertex sets, also denoted . A homomorphism is a covering map if additionally 3) edgeends incident toṽ 2 V (G) map bijectively to edge-ends incident to (ṽ) = v 2 V (G), and 4) the map is surjective onto the edge-ends of G. Condition 3) implies Condition 4) if G is connected. The vertices in ?1 (v) form the ber above the vertex v; we similarly de ne the ber an edge e 2 E(G) and above edge-ends of G. Condition 3) ensures that a vertex ofG has the same degree as the vertex it covers.
Suppose that e = uv is an edge between distinct vertices in G. Then the edges in ?1 (e) give a matching between the vertices in ?1 (u) and ?1 (v). It follows that these two vertex bers are of the same cardinality. If G is connected, as we assume in this paper, then any two vertex or edge bers are of the same cardinality n. This number is called the fold-number of the covering, and we say that is an n-fold covering. 
Characterizing Bipartite Covers
In this section we examine the canonical double cover G of a non-bipartite graph G. This is the smallest bipartite cover in terms of fold number, and as we shall see is unique. It was possibly rst introduced by Negami 13] ; we also refer the reader to the book by Biggs 1] .
Let G be an arbitrary graph and consider the voltage group A = Z 2 , the unique group with two elements f0;1g. Let send each directed edge to the b a Figure 1 : Two non-equivalent regular coverings group element 1. Note that (e ?1 ) = (e) ?1 , so respects inverses and hence is a voltage assignment. If G is non-bipartite, then it contains an odd cycle. This cycle gets voltage 1 which generates the group, so the covering graph is connected. (If G is bipartite, then the covering graph consists of two disjoint copies of G, a case not considered here.) We call the resulting covering G the canonical double cover of G. Let be the automorphism which swaps the two edge-ends in a ber of the natural projection map : G ! G.
Our rst characterization of bipartite coveringsG of G is in terms of a corresponding coveringG of the canonical double cover G. The existence of the map in the following was rst shown by Negami 13] . The map also has the desired properties. It arises if we reverse the roles of A and B in the preceeding paragraph. However, connectivity forces the image ofÃ to be either A or B, so these are the only two such maps as claimed.
Next, suppose thatG is a regular cover of G and letÃ be the covering group. Let A denote those automorphisms which x the two vertex parts. Then we claim that A is the covering group for . To see this, letṽ a andṽ 0 a be two vertices ofG in the same ber ?1 ( v a ). By the de nition of these two vertices lie in the same vertex part, sayÃ, and in the same ber of .
SinceG is regular, there is a~ 2Ã with~ (ṽ a ) =ṽ 0 a . This~ necessarily xes the vertex parts, and so it lies in A.
Similarly, if two vertices lie di erent bers of , then they either lie in di erent bers of , or in di erent parts of the bipartition. In either case it follows that there is no automorphism in A carrying one to the other. It follows that is regular as desired. Proof: The fold number of :G ! G is double that of :G ! G.
Theorem 3.1 states that must be regular when is regular. However, the converse need not hold since the composition of regular coverings need not be regular. We close this section by noting that the covering maps :G ! G and :G ! G may or may not be equivalent, making it di cult to use Theorem 3.1 for enumeration. 4 The Even Subgroup and the Second Characterization
In this section we give a characterization of regular bipartite covers. We rst examine the relationship between walks in the base graph and their corresponding lifts in the covering graph. We then de ne the even subgroup of a voltage group (de ned in terms of the lengths of the walks, not the order of the elements). We then characterize regular bipartite covers in terms of this subgroup.
Walks in Base and Covering Graphs
Let G be a graph with a generating voltage assignment giving a derived graphG. Let W = v 0 e 1 v 1 v n?1 e n v n = v 0 be a closed walk of length n. Then It is not true that the condition \every closed walk" can be replaced with \every simple cycle" in the preceding proposition. For a counterexample to the supposed more general lemma, let G have two vertices, two parallel links, one loop, and have a voltage assignment 1 from Z 2 on the loop and one of the links, and 0 on the other link.
The Even Subgroup
We next characterize bipartite coveringsG of G in terms of a special subgroup. In brief, we show that the voltages on closed walks of even length must generate a subgroup of the voltage group of index two. We rst need a lemma. Conversely, suppose that we have the subgroup A e as described. Let be the voltage assignment in A, let : A ! A=A e be the quotient map, and let 2 = be the corresponding voltage assignment in A=A e = Z 2 .
Let W be a closed walk in G. Let 
Enumeration Formulas
In this paper we want not only to characterize bipartite coverings, but to count them. In this section we introduce some notation counting certain types of coverings and give some formulas relating these counts. Kwak and Lee 9] and independently Hofmeister 4] have counted the number of inequivalent n-fold coverings of a base graph G. Let Iso (G; n) denote this number. Kwak 
Counting Bipartite Coverings
In this section we use the results of Section 5 to count the number of bipartite covers of non-bipartite graphs. We then focus on counting regular bipartite covers in the case that the order is twice a prime. There are two cases, when the prime is 2 and when it is odd.
Counting Regular 4-fold Coverings
It is well known that every group of order 4 is abelian and is isomorphic to the cyclic group Z 4 We have counted the number of bipartite regular coverings in the case the order is twice a prime. There are several other natural classes to enumerate:
The fundamental group of a graph G is the free group on (G) generators. Coverings of G correspond to subgroups of this free group, and equivalent coverings correspond to conjugate subgroups. Hence the number of coverings corresponds to the number of conjugacy classes of subgroups in a free group. This correspondance leads to an easy proof that the number of coverings of G depends only on the betti number. Is there an easy proof that the number of bipartite coverings depends only on the betti number? It is not clear, since the bipartiteness of the cover does not correspond to a nice property of the conjugacy classes of subgroups.
We conclude with the following table comparing the number of various types of coverings. The rst column is the number of nonisomorphic coverings counted using a fromula from 9]. The connected coverings were counted in 12] and regular coverings in 15]. The last two columns were calculated using Theorems 6.1 and 6.2. 
